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§ 12. Statistical Theory of L-H Transition
Itoh, S.-I. (Kyushu Univ.),
Itoh, K., Toda, S.
We present a statistical model of the E
r
bifurcation underlying the L-H transition in
toroidal plasmas. Nonlinearity of micro-
fluctuations statistically induces random noise
in the meso-scale E,.. Being kicked by this
random noise, transitions between the L- and
H-states occur in a probabilistic manner. A
Langevin equation can then be formulated
induding the mechanism for hysteresis of E,..
The probability density function (PDF) for
and the ensemble average of E
r
are obtained.
The phase limit is given by the condition that
the H- and L- states have equal probability.
We present the statistical theory by which
theoretical models could be compared with
experimental threshold database.
We consider a thin layer near the
tokamak edge and analyze the dynamics of E r
(averaged over the magnetic surface) in the
presence of micro fluctuations. The random
noise is induced by the convective nonlinearity
in the vorticity equation V·VV associated
with micro fluctuations. The dynamical
equation of E,. is given as a Langevin
equation as [1]
:'t X + AX = w('t) g,
where normalization is introduced for the
electric field and time as X = eppE/T and
't = t e/2qR and w(t) is a white-noise. (p p :
ion gyroradius at poloidal magnetic field, T :
plasma temperature.) The damping term,
A X = (1 + 2q2rI jr' is the
normalized current. The term g denotes the
noise current Explicit forms of average
current Jrand g are given in [1]. In this
model, XNC =- Pp 11; Idn /dr is the driving
parameter and v* =v 1 is the control
parameter.
The probability density function (PDF)
of X, p(X) , ensemble average, and transition
probability between the L-and H-modes are
studied. The stationary solution of PDF
Peq(X) is expressed as
Peq(X) oc g-I exp (- S(X) ) by use of the
nonlinear potential
S(X) =r4A(X')g(xl 2x' dX' . The
minimum of S(X) (apart from a correction
In g ), i.e., zero of A, predicts the probable
state of X. S(X) can have two minima at
X =XL and X =XH , which are separated by
the local maximum at X =X m . Figure 1(a)
illustrates PDF P
eq(X) for various values of
parameter XNC. Two peaks in Fig.l(a) means
hysteresis but the ensemble average
(X) =rX P,q(X) dX changes smoothly as
the global control parameter varies. The
ensemble average of the heat flux (q r) is
illustrated by a thick curve in Fig.l. Even
though the deterministic theory gives a
hysteresis in X , the ensemble average does
not show the hysteresis.
Implications to experiments are as
follows: First, the cusp-boundaries of H-
mode and the ensemble average of the
transition condition in plasma parameters are
different. The experimental database must be
compared with the statistical phase boundary.
Second, the ensemble averages of (X) and
(q r) do not show a hysteresis against global
parameters X NC' in contrast to the deterministic
model. Third, the observation of hysteresis in
experiments critically depends on the speed of
global parameter change.
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Figure 1 Heat flux (q r) as a function of
global gradient XNC . (Heat flux in the
vertical axis is measured in a unit of
el2pol2Rqp p .) The solution of A X =0 is
characterized by the cusp catastrophe (thin
line). Ensemble average is shown by the thick
solid line.
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